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Abstract
We perform large scale three-dimensional molecu-
lar dynamics simulations of unlinked and unknot-
ted ring polymers diffusing through a background
gel, here a three-dimensional cubic lattice. Tak-
ing advantage of this architecture, we propose a
new method to unambiguously identify and quan-
tify inter-ring threadings (penetrations) and to re-
late these to the dynamics of the ring polymers.
We find that both the number and the persistence
time of the threadings increase with the length of
the chains, ultimately leading to a percolating net-
work of inter-ring penetrations. We discuss the im-
plications of these findings for the possible emer-
gence of a topological jammed state of very long
rings.
Understanding the dynamical and rheological
properties of solutions of long polymers is of pri-
mary importance in several area of soft matter, ma-
terial science and biophysics1 . The dynamics of
linear polymers in the melt is now understood us-
ing the tube and reptation models2,3 . These mod-
els take advantage of the topological constraint
represented by the non-crossability of the chains
to describe the diffusion of the polymers along
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their own primitive path, by relaxing the free ends.
By contrast, the dynamics of ring polymers, which
have no free ends, can differ markedly from those
of their linear or branched cousins in the melt4–14 ,
involving fundamentally different modes of stress
relaxation9 , significantly different diffusion con-
stants13,14 and a crossover to free diffusion that oc-
curs only once they travelled many times their own
size 〈R2g〉1/2 15 . Inter-ring penetrations, or “thread-
ings”, have previously been speculated to play
some role in ring dynamics9,11,15–19 , although no
methodology to define or identify them yet exists.
The goal of this work is to study a system in which
we can quantify these threadings and their effect
on the long-time dynamics of a concentrated so-
lution of ring polymers. At present its not possi-
ble to identify such threadings in the melt. Here
we focus our attention on a system that is rather
different from a melt of rings: We study a con-
centrated solution of ring polymers embedded in a
physical gel which, for simplicity, we model as a
rigid cubic lattice, see Fig. 1(a). As we show be-
low this system is well suited to the study of inter-
ring penetrations (threadings). It is also highly ac-
cessible from an experimental point of view, as
it resembles the classical setup used for gel elec-
trophoresis20,21 of plasmid DNA rings, except that
the polymer concentration is taken above overlap
and the gel is prepared in order to have a pore size
comparable to the polymers’ Kuhn length. In this
Letter we introduce for the first time a quantita-
tive measure of inter-ring threadings for polymers
diffusing in a background gel by using a novel al-
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Figure 1: (color online). (a) Snapshot of a system with N = 50 chains of length M = 256. The gel lattice (grey)
can be seen to be interpenetrated by ring polymers (various colours). We use periodic boundary conditions so there
are no real ends to either the gel or the polymers. (b) Sketch showing our procedure for identifying rings that thread
in a given unit cell c of the gel lattice. Here the green strands of chain j passing through a face of the cell (circled)
are separately closed to form two loops jc1 and jc2 . Each are topologically linked with the yellow contour ic, a
unique contraction of chain i formed by connecting the points that pass through the faces of the unit cell (circled). In
contrast the green ring is not threaded by the yellow. See text for details. (c) Segmental mean squared displacement
of the rings 〈δ r2s 〉= 〈[r i(t)− r i(0)]2〉 scaled by 〈R2g(M)〉 and plotted against time in units of the Lennard-Jones time
τLJ = σ (m/ε)1/2 where m is the mass of the beads and the target temperature is T = ε/kB. The gel structure is here
thinned for clarity.
gorithm that employs the background gel as a ref-
erence frame. We can then study the consequences
of this on their dynamics. We show that the num-
ber of threadings grows linearly with the degree of
polymerisation M of the chain and that this leads
to the emergence of an extended directed network
of threadings that includes of order all rings. This
network of threadings is associated with the onset
of very slow dynamics and we show that the un-
threading process drives the emergence of a sig-
nificant slowing down of the longest rings we are
able to study. Finally, we speculate that such a
threading-rich state may be a precursor of a topo-
logical jammed state for even longer chains, as
these threadings provide long-lived “pinning” sites
that represent severe topological constraints in the
polymers’ diffusion. We study unlinked and un-
knotted ring polymers diffusing through a back-
ground gel (see Fig. 1(a) and 1(b)), formed by a
perfect cubic lattice, i.e. without dangling ends.
The novel aspect of this work is in how we are
able to identify the role of inter-ring threadings.
By neglecting fluctuations of the gel we can direct
computational resources most effectively towards
simulating the dynamics of the rings themselves.
We use a molecular dynamics engine (LAMMPS)
to model the Langevin dynamics at fixed volume
and constant temperature of N polymer rings with
length M moving inside a three dimensional cubic
lattice of total linear size L and lattice spacing l.
The ring monomer density is kept constant for all
the systems at ρ = NM/L3 = 0.1 σ−3 (on top of
this, the density of the gel is 0.06 σ−3). The well
established Kremer-Grest model22 is used to sim-
ulate worm-like chains with non-crossability con-
straint and excluded volume interaction (see S.I.
for simulation details).
The Kuhn length provides a natural choice for
the lattice spacing of the gel, l = lK = 10 σ , where
σ is the nominal size of a bead composing the
polymers. By making this choice we assume that
the mesh size of our idealised gel corresponds to
that of a moderately concentrated agarose gel23 ,
or appropriate DNA hydro-gel architecture24–26 .
From a physical perspective, lattice spacings much
greater than the Kuhn length can produce a gel
so sparse that the rings rarely encounter it. This
maps the problem back onto the melt, a different
system from the one we study here, and one that
is less well suited to the study of inter-ring pen-
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etrations. Alternatively, for lattice spacings much
shorter than the Kuhn length threadings will ul-
timately be suppressed by steric effects. Also,
the simulation will include an increasingly large
fraction of passive gel monomers, which tend to
increase the volume fraction of the system and
hence limit the concentration of rings that can be
studied efficiently using LAMMPS. The choice of
l = lK = 10 σ is a natural compromise and corre-
sponds to systems that can have numerous thread-
ings, as we show below. This is due, at least in
part, to the fact that the polymers are forced to
spread across many unit cells, and within each cell
the polymers are stiff.
We study threadings as local properties of the
conformation of rings; the global topology of the
rings remains unlinked from both other rings and
the gel. Here the gel architecture provides a natu-
ral local volume – a single unit cell – within which
threading of one ring by another can be identi-
fied; no corresponding method exists for the melt.
Each polymer enters and exits a given cell through
its faces. The unique topological characteristic of
ring polymers, unlinked from the cubic lattice, is
that each time the contour passes out through a
face of any given unit cell, labelled c, this must be
accompanied by a returning passage back through
the same cell face. The threading of polymer i by
polymer j within cell c can then be defined as fol-
lows: First a contraction of ring i is formed by
sequentially connecting the points where it passes
through any face of cell c by straight lines, as il-
lustrated by the dashed (yellow) lines in Fig. 1(b).
This creates a closed loop (or link) ic contained
entirely within cell c and its bounding faces. In
this way we use the gel to identify threadings as
local configurations in which the conformation of
the ring outside of the chosen cell is unimportant.
Next we consider each of the strands, labelled by
jc, of a different polymer j in the same cell c.
These strands connect a single entry and exit point
through the faces of c. We now close the ends of
each strand outside the cell to form a closed loop.
We then compute the linking number of the loop
thereby created from each jc with ic. This will be
non-zero if, and only if, ring i is threaded by that
strand of ring j. For instance, the two strands of
the green ring in Fig. 1(b) are threading the yellow
ring, since the absolute value of the linking num-
bers of each of these (after closure) with the closed
yellow loop are equal to one. We define the local
threading of ring i by ring j in cell c at time t by
T hc(i, j; t) = 12 ∑ jc |Lk(ic, jc; t)| – equal to 1 for the
example shown in Fig. 1(b) – and the total thread-
ings between these rings by summing this over all
cells
T h(i, j; t) =∑
c
∑
jc
|Lkc(ic, jc; t)|
2
(1)
This procedure is perfectly well defined, even
when rings enter and leave through the same faces
of the cell (see also S.I.). We emphasise that this is
taken to be a definition of threading. It is necessar-
ily a strictly local measure, on the scale of the cell
volume. If the cell volume is increased no thread-
ings will eventually be recorded since rings in the
melt are unlinked by construction.
We assign a passive threading of ring i by
ring j when T hc(i, j; t) = 1 and T hc( j, i; t) = 0
and an active threading when T hc(i, j; t) = 0 and
T hc( j, i; t) = 1. For example, in Fig. 1(b), the yel-
low ring is passively threaded by the green one,
which is actively threading the yellow one.
The equilibrium average 〈T h(i, j; t)〉i, j,t/N ≡
〈T h〉/N is the number of threadings per chain and
is found to scale extensively with the ring length
M. This may be related to the fact that the number
of cells visited by each chain also grows linearly
with M (see Fig. 2).
Figure 2: Number of threadings 〈T h〉 per chain as a
function of the length of the chains M. In the inset we
plot pth, crudely the probability of threading in a cell
containing two different chains, as computed in eq. (3).
See text for details.
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We claim that the existence of these penetrations
influences the dynamics of the rings by pinning
chains’ segments. A measure of this is given by
their time-correlation function
Pp(t) =
〈
∑ j p(i, j; t0)p(i, j; t0+ t)
∑ j p(i, j; t0)
〉
i,t0
(2)
where p(i, j; t) = 1 if ring j is penetrating
(threading) ring i at time t and 0 otherwise.
For large ring length M, Pp(t) tends to flatten,
resembling a plateau, before relaxing to a constant
value Pp(t → ∞) = 〈p(i, j; t0)〉i, j,t0 , this being the
mean probability that two different, randomly cho-
sen chains are penetrating. By using a mean-field
argument the probability of threading between two
chains in any cell that they both occupy pth can
be approximated as the total probability that they
thread divided by the number of shared cells that
they both occupy Nsc
pth = Pp(t→ ∞)/Nsc (3)
We combine our measurement of Nsc and Pp(t →
∞) in order to compute pth, which is plotted in the
inset of Fig. 2.
We now compare the relaxation of threading
with that of the modulus G(t) for the stress carried
by the rings, here computed as
G(t) =
〈
∑c g(i,c; t0)g(i,c; t0+ t)
∑c g(i,c; t0)
〉
i,t0
(4)
where g(i,c; t) = 1 if ring i visits cell c at time t
and 0 otherwise. While G(t) is a standard quan-
tity in polymer science the rheological response
of the rings will be “mixed" with that of the gel.
This could lead to possible complications in iso-
lating the rheological response of the rings alone.
We therefore propose that diffusion of labelled
tracer rings may be the most effective experimen-
tal probe of their dynamics. From the inset of
Fig. 3(a) it is clear that the spatial stress relaxes
more quickly than the threadings. This is consis-
tent with the fact that one ring, penetrated by an-
other in any particular cell, can independently re-
lax the stress it carries in all other cells. As re-
ported previously6,9,15,27 , the stress is found to re-
lax faster than for melts of linear polymers, lacking
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Figure 3: (color online). (a) Time-correlation func-
tion Pp(t) of the penetrations as in eq. (2). The in-
set compares the relaxation of the stress carried by
the rings, through the modulus G(t), with Pp(t) for
the system with longest rings showing that the spatial
stress relaxes more quickly than the threadings. (b)
Compares three dynamic relaxation times, defined as
τrelax ≡ 〈R2g〉/6DCM, τdiam ≡
∫ ∞
0 Cdiam(t)dt (Cdiam(t) is
the time auto-correlation function of the diameter vec-
tor ~d(t) that joins opposite beads along the rings’ con-
tour (see S.I. for details)) and 〈T0.1〉, given by the so-
lution of Pp(T0.1) ≡ 0.1. The arrow on top of the data
point showing τrelax for the longest rings M = 1512 in-
dicates that this represents a lower bound: the crossover
to diffusive motion has not yet occurred at the longest
computationally accessible times. The unthreading
times 〈T0.1〉 for M = 256,512,1024 follow the power
law shown and are close to the corresponding values
of τrelax. The shaded region delimits the confidence
bounds expected for the final data point for the un-
threading time 〈T0.1〉 at M = 1512, were it to continue
to follow this power law. This point is approximately
30 standard deviations outside the confidence interval,
consistent with a dramatic slowing-down due to the de-
velopment of a strongly connected network of inter-
ring penetrations (threadings).
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any glassy plateau. Long-lived penetrations may
be responsible for the fact that the segmental mean
square displacement of a ring only starts to freely
diffuse (〈δ r2s 〉 ∼ t) after the ring itself has moved
many times Rg, see Fig. 1(c). This is in contrast to
linear polymers, where there are no penetrations
and the same crossover is on the order of Rg 15 .
We infer that free diffusion can only occur when
the most persistent penetrations have relaxed, on
the time-scales shown in Fig. 3(a).
Fig. 3(b) shows that chain re-orientation is fast.
For M = 256 it is comparable to the unthreading
and diffusive relaxation times but it is much faster
for M ≥ 512. It may be significant that this is at
the same point that significant clusters of interpen-
etrated rings start to appear, see Fig. 4. These clus-
ters do little to inhibit intra-chain re-organisation
but the network of mutual pinning seems to be as-
sociated with the slowing of unthreading and dif-
fusive relaxation. Fig. 3(b) also shows that the
diffusive relaxation time closely follows the un-
threading time, supporting the hypothesis that free
diffusion is possible only once the most persis-
tent threadings are lost. In addition, we show
that for the longest rings the penetrations relax
much more slowly. We associate this with the
emergence of strongly connected components in
the network of inter-ring penetrations, see Fig. 4.
This is consistent with figures 2 and 3(a) show-
ing that, as we increase the length of the rings at
fixed density, there is a corresponding increase in
the number of threadings which also become more
long-lived. In the percolating, long-lived cluster
of inter-threading rings that emerges the motion
of each ring is strongly constrained by its passive
threadings.
In order to quantify the network of penetrations
we define a directed graph G = G(E ,V ) where V
is the set of vertices, a subset of the set of N rings
in the system, and E is the set of directed edges
from ring j to ring i, which represent the thread-
ings of ring j through ring i. We keep track of
the time-evolution of the network via the matrix
T h(i, j; t) and quantify the emergence of extended
structures of inter-threading rings by using the size
of the largest strongly connected component |Nscc|
and the first Betti number b1(G) (see S.I.). As one
can notice from Fig. 4, most connected structures
for short rings are formed by only two mutually
threading rings while, for longer rings, these even-
tually contain O(N) vertices, signifying the emer-
gence of a percolating cluster of inter-penetrating
rings which scales with the size of the system. We
claim that such static transition in the structure
is related to a correspondent dynamic transition,
whose effect can be observed in the significant de-
viation showed in Fig. 3(b).
In summary, we have employed a new method
to quantify inter-ring threadings and to relate these
to their dynamics in a background gel. Our find-
ings suggest that inter-ring penetrations become
more important as the length of the rings increases
and that the dynamics of the polymers slows corre-
spondingly. We highlight the existence of strongly
connected components in the network of inter-
penetrating rings and show that such components
grow as the length of the rings is increased with a
cluster of sizeO(N) inter-penetrating rings emerg-
ing for the longest chains we study. Together with
the result that T h(M)/N ∼M we speculate that the
dynamics is likely to be strongly suppressed for
even longer rings. The term topologically jammed
state might be used to describe this highly inter-
penetrated state of matter which could have the
unusual property that the dynamics could appear
glassy, or at least slowed, well above the classi-
cal glass temperature Tg for the polymer itself and
hence without appreciable loss of microscopic mo-
bility. As the molecular weight of the ring poly-
mers increases, the dynamics is expected to dra-
matically slow down due to the topology of the
polymers, which must unthread one-another in a
particular order. This is rather different to the
corresponding dynamics of linear polymers. This
state would also inherit the well-known universal-
ity class of polymer physics and it would therefore
seem to offer a novel framework in which to study
a jamming transition from a topological perspec-
tive.
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Figure 4: (color online). Betti number b1(G) (see S.I.) and size of the largest strong connected component |Nscc(G)|
computed taking the time average after equilibration. Snapshots of the graphs G(E ,V ) corresponding to M = 256
(a), 512 (b), 1024 (c) and 1512 (d) beads. The colors highlight the strongly connected components in the graphs
(see text for details).
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We model ring polymers using a standard bead-
spring semi-flexible model based on the Kremer
Grest 22 model. Every bead in our simulation in-
teracts via a shifted Lennard-Jones potential with
a cut-off rc = 21/6σ . The gel is itself made of
beads which partially overlap in order to preserve
the topological status of the ring polymers, i.e. un-
linked from the the gel. The beads in the gel in-
teract only with the beads forming the polymers
via the same shifted Lennard-Jones potential. The
beads forming the gel are not treated in the dynam-
ics, meaning that the background structure is fixed
and static at all times. Nearest neighbour beads
along the ring polymers interact via a finitely ex-
tensible non-linear elastic (FENE) potential. The
non-linear chain’s flexibility is then introduced by
an angular potential. The total intra-chain poten-
tial is therefore given by the following Hamilto-
nian:
Hintra =
M
∑
i=1
[
UFENE(i, i+1)+
+Ub(i, i+1, i+2)
]
+
M−1
∑
i=1
M
∑
j=i+1
ULJ(i, j) (5)
where M is the number of beads in each ring and
the terms with i > M represent those interactions
needed to join the ends of the polymer in a ring
fashion, i.e. a modulo-M indexing is implicitly
assumed to take into account the ring periodicity.
Each monomer has nominal size σ and position r i,
while the distance between two monomers i and j
is given by di, j = |r i− r j|. The finitely extensible
non-linear elastic potential is of the form:
UFENE(i, i+1) =−k2R
2
0 ln
[
1−
(
di,i+1
R0
)2]
for di,i+1 < R0 and UFENE(i, i+1) =∞, otherwise;
R0 = 1.5 σ , k = 30 ε/σ2 and the thermal energy
kBT is set to ε . The bending energy, or stiffness
term, takes the standard Kratky-Porod form (dis-
cretized worm-like chain):
Ub(i, i+1, i+2) =
kBTξp
σ
[
1− d i,i+1 ·d i+1,i+2
di,i+1di+1,i+2
]
6
where ξp is the persistence length of the chain
which is fixed at 5 σ . Polymers are significantly
bent by thermal fluctuations at contour lengths
larger than the Kuhn length lk = 2ξp. Here, the
persistence length ξp is always assumed to be
much smaller than the total length of the chain, so
that the chains resemble a flexible polymer, rather
than a rigid rod. The ‘cut and shifted’ Lennard-
Jones potential takes the following form:
ULJ(i, j) = 4ε
[(
σ
di, j
)12
−
(
σ
di, j
)6
+1/4
]
for di, j < σ21/6 and ULJ(i, j) = 0, otherwise. The
same potential is also used to regulate all the pair
interactions between monomers belonging to dif-
ferent chains or with the fixed mesh. The inter-
chain Hamiltonian takes the form:
Hinter =
N−1
∑
I=1
N
∑
J=I+1
M−1
∑
i=1
M
∑
j=i+1
ULJ(iI, jJ) (6)
and the chain-mesh Hamiltonian:
Hmesh =
Mgel
∑
k=1
N
∑
I=1
M
∑
i=1
ULJ(k, iI) (7)
where N is the number of chains in the system.
The indexes i and j run over the beads in the
chains, respectively, I and J, and k runs over the
beads forming the mesh. The bead mass is m and
the friction acting on each bead is set to ξ/m =
τ−1LJ . The integration is performed in the over-
damped limit of the Langevin equation using Ver-
let algorithm with time step ∆t = 0.01τLJ , as in
previous works 15,17 .
The systems observables are averaged over the
last 106 timesteps for M < 1024 and 107 for M =
1024 while for the longest rings we run a second
simulation after the radius of gyration reaches a
stationary state (around 107τLJ , see Fig. 5). The
systems are prepared in a state where the rings are
folded onto themselves in order to fit through a gel
channels thereby avoiding any unwanted linking,
either with the mesh or other rings. Initially, the
Lennard-Jones potential is turned off, and a soft-
potential is used to gently push apart neighbour-
ing non-bonded monomers. After a short run, the
Lennard-Jones potential is turned on and the sys-
Table 1: Number of chains, number of monomers,
size of the system, radius of gyration 〈R2g〉 and
diffusion coefficient of the center of mass DCM
for the systems. The monomer density is fixed at
ρ = 0.1σ−3. The arrow next to the value for the
longest ring system means that the value computed
represents an upper bound on the real value.
N M L[σ ] 〈R2g〉[σ2] DCM[σ2/τLJ]
40 64 30 30 373.9 ×10−5
20 128 30 60.25 120×10−5
10 256 30 109.5 33.3×10−5
50 256 50 108.4 34.5×10−5
40 512 60 185 7.67×10−5
50 1024 80 296 2×10−5
50 1512 90 390 8×10−6 ↓
tems are let equilibrate until the mean squared dis-
placement of the centre of mass of the rings trav-
elled at least once their gyration radius. During
the following simulations, we also monitored pos-
sible abrupt changes or non-stationary behaviour
in the average radius of gyration of the rings in or-
der to detect any hint of poor equilibration. We did
not observe any. This is important since the rings
were prepared in a very far-from-equilibrium con-
figuration. We also checked that the rings were
still unknotted after the short run performed with
a soft potential pushing the monomers apart. Once
the Lennard-Jones potential is turned-on, it is vir-
tually impossible for the polymers to change their
topology. The gel structure is formed by beads of
size σ , which are partially overlapping in order to
suppress even the point-like gaps that would ap-
pear between monomers that just touch. In Fig. 6
we report the scaling of the average number of
cells visited by each chain and the average num-
ber of threaings per chain. We observe that both
the number of visited cells Nvc and the number of
threadings per chain T h/N, scale extensively with
the ring size M, as explained in detail in the main
paper. The scaling DCM ∼M−α with α = 2 is pre-
dicted for ring polymers 6,28 . On the other hand, a
crossover from α < 2 to α > 2 has been found for
the melt in previous works 17 . We here report a
similar behaviour of the diffusion coefficient of the
center of mass DCM, as shown in Fig. 7. The arrow
beneath the value for the longest ring systems sig-
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Figure 5: (color online). (a) The equilibra-
tion of the gyration radius R2g is plotted against
time. Snapshots of equilibrated configurations are
showed on the side. Even though our results sug-
gest a crossover from R2g ∼ M for short rings to
R2g ∼ M2/3 for long ones, we still observe fluctu-
ations in R2g which correspond to long protrusions
and voids in the polymer configurations, in agree-
ment with previous works 17 . (b) Scaling regimes
of the radius of gyration squared. The findings re-
flect previous observations and theoretical predic-
tions 17,28 .
nifies that the data point represents an upper bound
on the true values since for that system, free diffu-
sion could not be observed within the simulation
time. We also report the behaviour of the stress-
relaxation modulus G(t), as defined and discussed
in the main paper (see Fig. 8). Our results suggest
a power law decay up to intermediate times, fol-
lowed by an exponential relaxation. The value of
the exponent is in agreement with the one found in
15 and 9 . Two comments are appropriate. Firstly,
we compute only the stress carried by the rings.
The stress carried in the background gel may be
significant and may be difficult to separate exper-
imentally. Secondly, although stress relaxation in
our ensemble can be compared with stress relax-
 0.1
 1
 10
 100
 100  1000
M
M0.95 +- 0.04
M0.99 +- 0.01
<Nvc>
<Th>/N
Figure 6: Scaling behaviour of the number of vis-
ited cells Nvc by a chain and number of threadings
per chain 〈T h〉/N as a function of the chain length
M. Both of them show a clear linear scaling.
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Figure 7: Diffusion coefficient of the center of
mass DCM as a function of the chains length M.
Error bars are smaller than the symbol size. The
arrow below the data point for the longest ring sys-
tem indicates that the value computed represents
an upper bound on the real value, as free diffusion
is not reached within the simulation time.
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ation in the melt this should be done with care as
there is no reason to expect the ensembles to be
equivalent. Nonetheless experiments in the melt
suggest an exponent close to G(t) ∼ t−0.5 rather
different from the scaling we report in Fig. 8.
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( t )
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Figure 8: (color online). Stress relaxation modulus
for systems at constant density and different chains
length M. Rings relax the (spatial) stress much
faster than their linear counterparts. The glassy
plateau is also absent, in agreement with previous
works 9 and 15 .
In Fig. 9 we plot the auto-correlation function of
the ring diameter vector, which is defined as:
Cdiam(t) =
〈~d(t) · ~d(0)〉
〈|~d(0)|2〉 (8)
where ~d(t) is the vector joining monomers that
are diametrically opposite in the chemical sense,
i.e. monomers with the largest possible chemi-
cal distance M/2. The average 〈. . .〉 is taken over
monomer pairs and chains. The characteristic de-
cay time, or “re-orentation time” (see main text),
is given by τdiam(M), computed as the (numeric)
integral of Cdiam(t) 29 . Such a quantity gives
a measure of how quickly ring polymers explore
new configurations and hence how fast they relax
stress. For linear polymers such a quantity is com-
parable to the time-scale at which free diffusion is
reached. However, for ring polymers, we show in
the main text that the relaxation of both penetra-
tions (threadings) and dynamics are significantly
slower than τdiam(M).
As discussed in the main text one can treat
0.1
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di
am
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M=256
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Figure 9: (color online). Autocorrelation function
of the polymers diameter vector Cdiam(t) as de-
fined in eq. (??). The behaviour suggests an ex-
ponential decay with characteristic time τdiam =∫ ∞
0 Cdiam(t)dt.
T h(i, j; t) as a time-dependent asymmetric adja-
cency matrix, associated with a directed network
of penetrations. We here recall that the Betti num-
ber of a graph G is defined as b1(G) = |E |−|V |+
|Ncc|, where |E | and |V | are the sizes of the sets
of edges E and vertices V , respectively, and Ncc is
the number of connected components of G(E ,V )
30 . The first Betti number can be interpreted as
the number of undirected cycles of inter-threading
rings or, equivalently, the number of links that can
be broken without creating more connected com-
ponents; it is large for a highly-connected graph
and small for a tree-like structure. The Betti num-
bers have previously been used to relate the jam-
ming transition of granular media with the topol-
ogy of the configurational spaces31,32 . In the
main text, we used the first Betti number to re-
late the topology of the network of inter-threading
rings to the dynamics of the polymers. The func-
tional form of b1(G) together with snapshots of
G(E ,V ) for different values of M are shown in
the main text. The Betti number shows a sharp
transition between M = 512 and M = 1024 which
can be interpreted as the emergence of extended
inter-threading structures (see main text for de-
tails) while the strongly connected components of
the graphs grow in size between M = 1024 and
M = 1512.
In the main text we explain how our algorithm
defines local threadings. Here, we give a more
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Figure 10: A minority of all threadings are associated with rings that share either the entry and/or the
exit faces of the unit cell of the gel, as shown here. While our definition of threading is unambiguous it
is helpful to examine what is recorded in the three cases shown: (a) The rings thread through each other
in the cell. Both of the yellow/yellow-dashed contours, closed at infinity are linked with the green ring,
closed by a straight line connecting the points it leaves the cell. The yellow ring is therefore reported as
actively threading the green ring by our algorithm. (b) There is no threading in the unit cell since the
penetrating ring enters, and then leaves, the green shaded area delimited by the green ring contours. The
closed yellow/yellow-dashed contours are both unlinked from the green ring, closed on the edge of the
box. In this case our algorithm reports three unlinked rings, hence no threading is detected. (c) As in
panel (a) but one can now see that the threading is removed in the cell below in a similar manner to the
situation in panel (b). In this case our algorithm detects both a local threading in the upper cell and a local
threading in the bottom cell. Pairs of threadings like this will usually be short lived, as they can quickly
annihilate. They will therefore not be responsible for the long lived penetrations seen in Fig. 3(a) of the
main text.
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complete explanation, describing in detail some
special cases, see e.g. Fig. 10. Our procedure can
be divided in two steps: (1) identification of inter-
section points of the polymers with the faces of the
unit cell, (2) construction of closed contours based
uniquely on the information contained inside the
unit cell. We choose to adopt this local procedure
since the global topology, being unlinked, would
not give any insight regarding penetrations, reflect-
ing the difficulty of identifying them in ring poly-
mer melts (or solutions). Our definition allows us
to quantify the local constraints that the rings exert
on each-other on the scale of a lattice volume in the
the form of penetrations (threadings). Our algo-
rithm first generates one loop from the in-coming
and out-going segments of the same polymer ring
(green in Fig. 10) , closed by straight lines across
the faces. Next, two closed contours are generated
from each segments of all other polymers in the
cell (one of which is shown yellow in Fig. 10). If
the last two are linked with the first we identify this
as a local threading, by definition. Such a proce-
dure relies only on the configuration/information
inside the unit cell, and therefore returns local in-
formation only. In Fig. 10 we show three cases as
an example. In Fig. 10(a) the yellow ring pene-
trates the green one inside the cell, (b) the yellow
ring does not thread completely through the green
one and (c) the yellow ring threads locally in one
direction in the upper cell and then in the opposite
direction in the lower cell. Our algorithm detects
both local threadings.
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